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The behavior of homogeneous and disordered systems with a free boundary is
desribed on the basis of group theory in the two-loop approximation diretly in three-
dimensional spae. The eet of the free boundary on the regime of the bulk ritial
behavior is revealed. It is shown that the boundedness of the system slightly aets
the regime of the bulk ritial behavior in the ase of the ordinary transition, whereas
this eet is more notieable in the ase of the speial transition. Surfae ritial
phenomena are desribed for homogeneous and disordered systems, and the ritial
exponents are alulated in the two-loop approximation. It is shown that the eet of
impurities is insigniant in the speial phase transition, whereas it is more notieable
in the ordinary phase transition. The derived ritial exponents are ompared with
the omputer-simulation results.
PACS:68.35.Rh, 05.70.Jk, 11.10.Gh, 64.60.Fr
1 INTRODUCTION
Any systems studied experimentally inevitably have free surfaes, whose eet is usually
disregarded in desription of ritial phenomena. However, ordering proesses on the free
surfae an proeed at a temperature diering from the temperature harateristi of bulk
ordering proesses, whih leads to hange in the ritial behavior regime.
There is a temperature range in whih surfae eets are deisive and are haraterized
by a ertain set of the ritial exponents.
The problem of the eet of the boundedness of the system on the ritial phenomena
was rst onsidered phenomenologially by Kaganov and Omelanhuk [1℄ and in the
framework of the mirosopi approah by Mills [2℄ and Wolfram et al. [3℄. An exat
solution for the two-dimensional half-plane was obtained by MCoy andWu [4℄ by generalizing
Onsager's work [5℄ and showed that the phenomenologial theory is valid only qualitatively.
For three-dimensional systems, Binder and Hohenberg [6℄ showed that the separated
diretion assoiated with the existene of the free surfae makes neessary a separate
desription of ritial phenomena on the surfae and in the bulk of the system. Binder and
Hohenberg [6℄ analyzed two types of the ritial behavior that are possible in semibounded
systems and are attributed to the fat that the spin ordering on the surfae ours earlier
1
than in the bulk (surfae transition). In addition, Binder and Hohenberg [6℄ determined
the ritial exponents with the use of the renormalization group approah. The ritial
exponents for semibounded systems with the salar order parameter were evaluated in the
framework of ε-expansion in the oneloop approximation by Lubensky and Rubin [7℄, who
obtained the value ν = 1/2+ε/12 for the surfae ritial exponent of the orrelation radius
and the values η‖ = 2−ε/3 and η⊥ = 1−ε/6 for the longitudinal and perpendiular ritial
exponents of the orrelation funtion, respetively. In addition, Lubensky and Rubin [8℄
showed that all surfae ritial exponents for semibounded systems with an n-dimensional
order parameter are expressed in terms of bulk ritial exponents and surfae exponent
η˜ = (1/2)ε(n+2)/(n+8) The multiritial point appearing in the simultaneous bulk and
phase transitions was analyzed in [9, 10℄ in the framework of the [9, 10℄ ε expansion in
the two-loop approximation.
The surfae and bulk phase transitions in a semibounded system with the n-dimensional
order parameter were desribed in [11℄ diretly in the three-dimensional spae in the two-
loop approximation. The ritial exponents alulated in that work are in better agreement
with previously obtained Monte Carlo simulation results [19, 20, 21℄. In partiular, for
the rossover exponent, omputer simulation provides a value of about 0.5, alulations
diretly at D = 3 yield approximately 0.54, whereas the ε-expansion gives a result of
about 0.68.
The renormalization group approah to desription of slightly disordered systems
developed in [15, 16, 17℄ diretly for three-dimensional systems made it possible to obtain
the stati ritial exponents of unbounded systems in the four-loop approximation. The
eet of the free boundary on the ritial behavior of disordered systems was rst examined
in [18℄ in the framework of the ε-expansion. Similar alulations diretly in threedimensional
spae in the two-loop approximation were performed in [19, 20, 21℄. However, in the
latter works, the replia proedure was performed with an error, owing to whih the
orresponding asymptoti series for impurity systems are inonsistent with asymptoti
series for homogeneous systems.
In all works mentioned above, it is assumed that the presene of the plane free surfae
slightly aets the bulk ritial behavior and values obtained for unbounded systems an
be used for xed points of the renormalization group transformation when alulating the
surfae ritial exponents. However, this statement should be heked and the eet of
the free boundary on the bulk ritial behavior should be estimated.
In this work, the eet of the plane free boundary on the bulk ritial behavior in
various phase transitions in both homogeneous and disordered systems is examined in
the two-loop approximation diretly in three-dimensional spae. In addition, the surfae
ritial exponents for the ordinary and speial ritial exponents for usual and speial
phase transitions in homogeneous and disordered systems with the free boundary are
alulated with the inlusion of the orretions obtained.
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2 HAMILTONIAN OF THE SYSTEM
Let S = S(~x) be utuations of the salar order parameter in the half-spae V = RD+ =
{~x = (~r, z)|~r ∈ RD−1, z ≥ 0}. The system under onsideration is bounded by the z = 0
plane, whih is denoted as ∂V in what follows. The Hamiltonian of suh a model an be
written in the form
H0 =
1
2
∫
V
dDx(τ0 +∇2)S2(x) + 1
2
∫
V
dDx∆τ(x)S2(x) + u0
∫
V
dDxS4(x) (1)
+
c0
2
∫
∂V
dDxS2(x),
Here, u0 is a positive onstant; τ0 ∼ |T − Tc|/Tc, where Tc is the temperature of the
bulk phase transition; c0 ∼ |T − Ts|/Ts, where Ts is the temperature of the surfae phase
transition; and ∆τ(x) is the random eld of impurities suh as random temperature.
Let us pass to Fourier transforms in the ~r oordinates,
H0 =
∫ ∞
0
dz
{1
2
∫
dD−1q(τ0 + q
2)SqS−q +
1
2
∫
dD−1q∆τqSqS−q (2)
+u0
∫
dD−1q1d
D−1q2d
D−1q3Sq1Sq2Sq3S−q1−q2−q3
}
+
c0
2
∫
dD−1qSqS−q
∣∣∣
z=0
.
For low impurity onentrations, the random eld distribution an be treated as
Gaussian and be speied by the funtion
P [∆τ ] = A exp[− 1
2δ0
∫
∆τ 2q d
D−1qdz], (3)
where A is the normalization onstant and δ0 is a positive onstant proportional to the
onentration of frozen defets of the struture.
The appliation of the replia proedure for averaging over the random elds speied
by the frozen defets of the struture provides the eetive Hamiltonian of the system in
the form
HR =
∫ ∞
0
dz
{1
2
∫
dD−1q(τ0 + q
2)
m∑
a=1
SaqS
a
−q
−δ0
2
m∑
a,b=1
∫
dD−1q1d
D−1q2d
D−1q3S
a
q1S
a
q2S
b
q3S
b
−q1−q2−q3
+u0
m∑
a=1
∫
dD−1q1d
D−1q2d
D−1q3S
a
q1S
a
q2S
a
q3S
a
−q1−q2−q3
}
+
c0
2
∫
dD−1qSqS−q
∣∣∣
z=0
.
The properties of the initial system an be obtained in the limit m → 0 for the number
of replias.
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The presene of the free boundary even in homogeneous systems leads to the new
properties of the model [11℄. The phase diagram of suh systems exhibits the disordered
phase (SD/BD), surfae-ordered bulk-disordered phase (SO/BD), and surfae-ordered
bulk-ordered phase (SO/BO). The lines on the phase diagram separating these phases
determine three kinds of phase transitions. The transitions from SD/BD to SO/BD, from
SO/BD to SO/BO, and from SD/BD to SO/BO are alled the surfae, extraordinary,
and ordinary phase transitions, respetively. The intersetion of these three lines of phase
transitions forms the multiritial point at whih the phase transition is alled speial
phase transition. The kind of the phase transition is denitely determined by the relation
between the onstants c0 and τ0. In partiular, the ondition τ0 << c
2
0 << Λ, where Λ is
the inverse lattie parameter and c0 > 0, is satised near the ordinary phase transition;
therefore, the relations τ0 → 0 and c0/τ0 → ∞ are valid at the transition point. The
onditions near the extraordinary phase transition have the form τ0 << c
2
0 << Λ and
c0 < 0, and τ0 → 0 and c0/τ0 → −∞ along the phase transition line. Near the surfae
phase transition, c0 << τ0 << Λ, τ0 > 0; therefore, c0 → 0 and c0/τ0 → ∞ at the phase
transition point. For the speial phase transition, c0 → 0 and τ0 → 0; however, c0/τ0 → 0.
As shown in [7℄, the free propagator in the ase under onsideration has the form
G(~q; z, z′) =
1
2k0
[
e−k0|z−z
′| − c0 − k0
c0 + k0
e−k0(z+z
′)
]
, (4)
where k0 =
√
q2 + τ0.
3 BULK CRITICAL PHENOMENA
The behavior of the system in the ritial region is determined by the eetive harges at
the stationary point of the renormalization group transformation, whih has the following
form in the ase under onsideration:
S(0)q = Z
1/2Sq, τ0 = b
2τZτ , u0 = b
4−DuZu, δ0 = b
4−DδZδ,
where b is introdued to redue the quantities to the dimensionless form.
The Z fators are determined from the requirement of the regularity of the renormalized
vertex funtions, whih is expressed in the normalization onditions
Z
∂
∂k2
Γ
(2)
bulk(k)|k2=0 = 1, Z2Γu,bulk(4)|k2=0 = b4−Du, (5)
Z2Γδ,bulk
(4)|k2=0 = b4−Dδ, ZΓt,bulk(2,1)|ka=0 = b2−D/2τ.
Here Γ
(4)
u,bulk and Γ
(4)
δ,bulk are the four-point bulk vertex funtions, Γ
(2)
bulk is the two-point bulk
vertex funtion, Γ
(2,1)
t,bulk is the two-point bulk vertex funtion with the insert.
Let us represent the free propagator in the form of the sum of two terms G = Gb+Gs
. The rst term
Gb(~q; z, z
′) =
1
2k0
e−k0|z−z
′|
(6)
4
depends only on the dierene between the oordinates of two points of the system and,
after the Fourier transform in the z oordinate, aquires the form
Gb =
1
τ0 + ~p2
, (7)
where ~p = (~q, pz) is the three-dimensional vetor. This expression oinides with the
ordinary propagator for unbounded systems; for this reason, it will be alled the bulk
propagator in what follows.
The seond term
Gs(~q; z, z
′) = − 1
2k0
c0 − k0
c0 + k0
e−k0(z+z
′)
(8)
depends strongly on the position of both points and is determined by the eetive surfae
harge c0; this part of the propagator is alled the surfae propagator. The limiting values
of the surfae part of the propagator are represented in the form
Gords (~q; z, z
′) = − 1
2k0
e−k0(z+z
′)
(9)
for the ase of the ordinary phase transition for c0/τ0 →∞ and
Gspecs (~q; z, z
′) =
1
2k0
e−k0(z+z
′). (10)
for the ase of the speial phase transition for c0/τ0 → 0.
Sine the system is bounded only from one side, the regime of the ritial behavior is
determined by the basi volume of the medium that is far from the free surfae [6℄. When
onsidering the points far from the free surfae of the system, one an pass to the limit
z, z′ → ∞. In the limiting ase under onsideration, Gb >> Gs. For this reason, in all
previous works devoted to the ritial behavior of semibounded systems, small orretions
to the bulk ritial behavior that appear due to the presene of the free surfae are
disregarded. Nevertheless, the determination of these orretions is an important problem,
beause any systems studied experimentally are bounded.
Let us write the CallanSymanzik equation for the bulk vertex funtions:
[b
∂
∂b
+ βu
∂
∂u
+ βδ
∂
∂δ
− γϕm
2
b
∂ lnZϕ
∂b
− γττ ∂
∂τ
] · Γ(m)bulk(q; τ, u, δ, b) = 0. (11)
Here, the funtions
βu = b
∂u
∂b
, βδ = b
∂δ
∂b
, γτ = b
∂τ
∂b
, γϕ = b
∂Sq
∂b
(12)
determine the behavior of the system in the ritial region.
Figure 1 shows the Feynman diagrams only for the vertex funtions of the homogeneous
system, whih are neessary for alulation of the orresponding integrals. In these diagrams,
the lines orresponding to the bulk and surfae parts of the propagator are marked by the
letters "b"and "s respetively.
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èñ. 1: Feynman diagrams for the vertex funtion Γ(4)u
6
The diagrams J
(0)
0 , J
(0)
1 and G
(0)
0 ontain only "bulk"lines; for this reason, they oinide
with the orresponding integrals for unbounded systems:
J
(0)
0 = π
2, J
(0)
1 =
2π4
3
, G
(0)
0 =
2π4
27
. (13)
The absolute values are given for all other integrals, beause their values for the ordinary
and extraordinary transitions dier only in sign:
J
(1)
0 =
1
(2π)D−1
∫ ∞
0
∫ ∞
0
∫
dD−1qdz1dz2Gb(q; z1, z2)Gs(q; z1, z2) =
5π
16
, (14)
J
(2)
0 =
1
(2π)D−1
∫ ∞
0
∫ ∞
0
∫
dD−1qdz1dz2Gs(q; z1, z2)Gs(q; z1, z2) =
π
16
,
J
(1)
1 =
1
(2π)D−1
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q; z1, z2)
·Gs(−q; z1, z3)Gb(p; z2, z3)Gb(q − p; z2, z3) = 1.421210,
J
(2)
1 =
1
(2π)2D−2
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q; z1, z2)
·Gb(−q; z1, z3)Gb(p; z2, z3)Gs(q − p; z2, z3) = 0.760073,
J
(3)
1 =
1
(2π)2D−2
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q; z1, z2)
·Gb(−q; z1, z3)Gs(p; z2, z3)Gs(q − p; z2, z3) = 0.295748,
J
(4)
1 =
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q; z1, z2)Gs(−q; z1, z3)
·Gb(p; z2, z3)Gs(q − p; z2, z3) = 0.349384,
J
(5)
1 =
1
(2π)2D−2
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q; z1, z2)
·Gs(−q; z1, z3)Gs(p; z2, z3)Gs(q − p; z2, z3) = 0.174535,
J
(6)
1 =
1
(2π)2D−2
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gs(q; z1, z2)
·Gs(−q; z1, z3)Gs(p; z2, z3)Gb(q − p; z2, z3) = 0.177920,
J
(7)
1 =
1
(2π)2D−2
∫ ∞
0
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gs(q; z1, z2)
·Gs(−q; z1, z3)Gs(p; z2, z3)Gs(q − p; z2, z3) = 0.112210,
G
(1)
0 = −
1
(2π)2D−2
∂
∂k2
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q + k; z1, z2)
·Gb(p; z1, z2)Gs(p+ q; z1, z2)
∣∣∣
k2=0
= 0.333481,
G
(2)
0 = −
1
(2π)2D−2
∂
∂k2
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gb(q + k; z1, z2)
·Gs(p; z1, z2)Gs(p + q; z1, z2)
∣∣∣
k2=0
= 0.160209,
G
(3)
0 = −
1
(2π)2D−2
∂
∂k2
∫ ∞
0
∫ ∞
0
∫ ∫
dD−1qdD−1pdz1dz2dz3Gs(q + k; z1, z2)
·Gs(p; z1, z2)Gs(p + q; z1, z2)
∣∣∣
k2=0
= 0.822467,
Jord0 = J
(0)
0 − 2J (1)0 + J (2)0 ,
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Jspec0 = J
(0)
0 + 2J
(1)
0 + J
(2)
0 ,
Gord0 = G
(0)
0 − 3G(1)0 + 3G(2)0 −G(3)0 ,
Gspec0 = G
(0)
0 + 3G
(1)
0 + 3G
(2)
0 +G
(3)
0 ,
Jord1 = J
(0)
1 − 2J (1)1 − 2J (2)1 + J (3)1 + 4J (4)1 − 2J (5)1 − 2J (6)1 + J (7)1 ,
Jspec1 = J
(0)
1 + 2J
(1)
1 + 2J
(2)
1 + J
(3)
1 + 4J
(4)
1 + 2J
(5)
1 + 2J
(6)
1 + J
(7)
1 ,
Jord1 /(J
ord
0 )
2 = 0.676982, Jspec1 /(J
spec
0 )
2 = 0.747187,
Gord0 /(J
ord
0 )
2 = 0.065781, Gspec0 /(J
spec
0 )
2 = 0.089463.
Without the surfae eets, the ratios of the integrals are
J1/(J0)
2 = 2/3, G/(J0)
2 = 2/27. (15)
Redening the eetive interation verties v1 = u · J0 and v2 = δ · J0, one arrives at the
following expressions for the β− and γ funtions in the two-loop approximation:
β1 = −(4 −D)v1
[
1− 36v1 + 24v2 + 1728
(
2J˜1 − 1− 2
9
G˜
)
v21
− 2304(2J˜1 − 1− 1
6
G˜)v1v2 + 672(2J˜1 − 1− 2
3
G˜)v22
]
,
β2 = −(4 −D)v2
[
1− 24v1 + 8v2 + 576(2J˜1 − 1− 2
3
G˜)v21
− 1152(2J˜1 − 1− 1
3
G˜)v1v2 + 352(2J˜1 − 1− 1
22
G˜)v22
]
,
γt = (4−D)
[
− 12v1 + 4v2 + 288
(
2J˜1 − 1− 1
3
G˜
)
v21
− 192(2J˜1 − 1− 2
3
G˜)v1v2 + 32(2J˜1 − 1− 1
2
G˜)v22
]
,
γϕ = (4−D)64G˜(3v21 − 3v1v2 + v22).
J˜1 =
J1
J20
G˜ =
G
J20
.
The expressions obtained for the β-funtions are asymptoti series and summation
methods must be used to extrat neessary physial information from these series. In this
work, the following BorelLeroy transformation generalized to the two-parametri ase,
whih provides adequate results for series appearing in the theory of ritial phenomena
[22℄, is used:
f(v1, v2) =
∑
i1,i2
ci1,i2v
i1
1 v
i2
2 =
∞∫
0
e−ttbF (v1t, v2t)dt,
F (v1, v2) =
∑
i1,i2
ci1,i2
(i1 + i2 + b)!
vi11 v
i2
2 .
(16)
For the analyti ontinuation of the Borel transform of a funtion, the following series in
the auxiliary variable θ is introdued:
F˜ (v1, v2, θ) =
∞∑
k=0
θk
∑
i1,i2
ci1,i2
k!
vi11 v
i2
2 δi1+i2,k, (17)
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to whih the [L/M℄ Pade approximation is applied at the point θ = 1. The [2/1℄ approximants
with variation of the parameter b are used to alulate the β-funtions in the two-loop
approximation. As shown in [22℄, suh variation of b makes it possible to determine the
range of variation of the vertex funtions and to estimate the auray of the ritial
exponents obtained.
The ritial behavior regime is ompletely determined by the stable stationary points
of the renormalization group transformation, whih an be found from the ondition that
the β-funtions are equal to zero:
βi(v
∗
1, v
∗
2) = 0 (i = 1, 2). (18)
The requirement of the stability of a xed point is redued to the ondition that the
eigenvalues bi of the matrix
Bi,j =
∂βi(v
∗
1 , v
∗
2)
∂vj
(i, j = 1, 2). (19)
are positive. It is worth noting that the PadeLeroy summation proedure is possible
not for any b values and this signiantly limits the possibility of applying the method.
This limitation is assoiated with the appearane of the poles of the approximants near
the solutions of the system of Eqs. (18); for this reason, it is impossible to determine
the position of the xed points. In this work, the parameter b varies from 0 to a value
beginning with whih the determination of the stable xed point beomes impossible. In
this range, 20 values of the parameter b are taken for whih the xed points are searhed.
Average values with a ertain auray determined by the spread in the values for various
b values are taken as the eetive harges at the xed point.
The stable stationary point of the renormalization group transformation is determined
by the values (vord∗1 = 0.048 ± 0.002 and vord∗2 = 0 for the ordinary phase transition in
homogeneous systems and by the values vspec∗1 = 0.066 ± 0.007 and vspec∗2 = 0 speial
phase transition. These quantities for impurity systems are vord∗1 = 0.067 ± 0.002 and
vord∗2 = 0.033 ± 0.003 for the ordinary phase transition and vspec∗1 = 0.071 ± 0.001 and
vspec∗2 = 0.015 ± 0.002 for the speial phase transition. For omparison, the stationary
point of the renormalization group transformation in the two-loop approximation is given
by the values (v∗1 = 0.046 ± 0.002 and v∗2 = 0) for an unbounded homogeneous medium
[27℄ and by the values v∗1 = 0.067 ± 0.002 and v∗2 = 0.035 ± 0.003) for a medium with
frozen struture defets [28℄.
The exponent ν haraterizing an inrease in the orrelation radius near the ritial
point (Rc ∼ |T − Tc|−ν) is determined from the relations:
ν =
1
2
(1 + γt)
−1 =
1
2
[
1 + 6v1 − v2 − 144
(
2J˜1 − 1− 1
3
G˜− 1
4
)
v21
+ 96
(
2J˜1 − 1− 1
2
G˜− 1
4
)
v1v2 − 16
(
2J˜1 − 1− 1
2
G˜− 1
4
)
v22
]
.
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The substitution of the eetive harges of the xed points of the speial transition yields
the values νspec = 0.654± 0.006 and νspecimp = 0.669± 0.003 for homogeneous systems and
impurity systems, respetively. For the ordinary phase transition, νord = 0.635±0.007 and
νordimp = 0.684 ± 0.002. For omparison, the ritial exponents of the system disregarding
the free boundary for homogeneous systems and impurity systems are ν = 0.632± 0.004
and νimp = 0.685± 0.003, respetively.
The Fisher exponent η desribing the behavior of the orrelation funtion near a
ritial point in the spae of wave vetors (G ∼ k2+η) is determined in terms of the
saling funtion γϕ as η = γϕ(v
∗
1, v
∗
2). In the ordinary phase transition in homogeneous
systems and impurity systems, ηord = 0.029±0.003 and ηordimp = 0.033±0.002, respetively;
in the speial phase transition in homogeneous systems and impurity systems, ηspec =
0.068± 0.008 and ηspecimp = 0.069± 0.004, respetively. For omparison, the orresponding
Fisher exponents disregarding surfae eets are η = 0.030±0.002 and ηimp = 0.035±0.001
for homogeneous systems and impurity systems, respetively. The other ritial exponents
an be determined from saling relations.
4 SPECIAL PHASE TRANSITION
In addition to the ordinary ritial exponents, whih are alled bulk exponents in what
follows, the system is haraterized by the surfae ritial exponents on the boundary
plane.
Let us introdue the (N +M)-point orrelation funtion
G(N,M)(x, r) =
〈 N∏
i=1
S(~xi)
M∏
j=1
S(~rj, 0)
〉
(20)
with N points under the surfae and M points on the medium surfae, and
〈
...
〉
means
thermodynami averaging with the Boltzmann fator exp(−H [S]). The transition to the
Fourier transforms in the oordinates parallel to the free boundary yields
G(N,M)(~p, z)(2π)D−1δ
[ N+M∑
k=1
~pk
]
= (21)
=
∫
G(N,M)(x, r) exp
[
− i
N∑
i=1
~pi~xi|| − i
M∑
j=1
~pN+j~rj
][ N∏
i=1
d~xi||
][ M∏
j=1
d~rj
]
The renormalization group transformations for quantities on the surfae have the form
S(s)(0)q = Z
1/2
1 S
(s)
q , c0 = b
2cZ||, (22)
where S(s)q = S(z)q
∣∣∣
z=0
.
To renormalize the orrelation funtion, the following relation an be written:
G(N,M)ren (τ, u, δ, c) = Z
−(N+M)/2Z
−M/2
1 G
(N,M)(τ0, u0, δ0, c0). (23)
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We introdue the orrelation funtion with inserts in the form
G(N,M ;I,I1)(τ0, u0, δ0, c0) =
∂I
(∂τ0)I
∂I1
(∂c0)I1
G(N,M)(τ0, u0, δ0, c0). (24)
The renormalization group transformations for the orrelation funtion with the inserts
have the form
G(N,M ;I,I1)ren (τ, u, δ, c) = Z
−(N+M)/2Z
−M/2
1 Z
I
τZ
I1
|| G
(N,M ;I,I1)(τ0, u0, δ0, c0). (25)
The expansion of G(N,M)(τ0, u0, δ0, c0) in the lowest expansion order in the powers of u0
has the form
G(N,M)(p; τ0, u0, δ0, c0) =
1
c0 +
√
p2 + τ0
+O(u0, δ0). (26)
Similar to bulk vertex funtions, the normalization onditions are taken suh that the
surfae two-point orrelation funtion for zero external momentum p = 0 oinides with
its zeroth approximation. Correspondingly, the substitution τ0 → τ , c0 → c provides
G(0,2)ren (p; τ, u, δ, c)
∣∣∣
p=0
=
1√
τ + c
, (27)
∂
∂p2
G(0,2)ren (p; τ, u, δ, c)
∣∣∣
p=0
= − 1
2
√
τ(
√
τ + c)2
.
For the orrelation funtion with the insert, the normalization ondition has the form
G(0,2;0,1)(p; τ, u, δ, c)
∣∣∣
p=0
=
1
(c+
√
τ )2
. (28)
The surfae Z fators Z1 and Z|| are determined from the relations
Z1Z = −2
√
τ(
√
τ + c)2
∂
∂p2
G(0,2)(p; τ0(τ, u, δ), u0(τ, u, δ), δ0(τ, u, δ), c0(c, τ, u))
∣∣∣
p=0
(29)
Z|| = −Z1Z(
√
τ + c)2
∂
∂c0
G(0,2)(0; τ0(τ, u, δ), u0(τ, u, δ), δ0(τ, u, δ), c0)
∣∣∣
c0=c0(c,τ,u)
.
In order to simplify the alulations, it is onvenient to represent these relations in the
form
(Z1Z)
−1 = lim
p→0
√
τ
p
∂
∂p
[
G(0,2)(p; τ0(τ, u), u0(τ, u), c0(c, τ, u))
]−1
, (30)
Z−1|| = Z1Z
∂
∂c0
[
G(0,2)(0; τ0(τ, u, δ), u0(τ, u, δ), δ0(τ, u, δ), c0)
]−1∣∣∣
c0=c0(c,τ,u,δ)
.
Let us use the deomposition of the orrelation funtion into the free part
[
G(0,2)(p; τ0, 0, 0, c0)
]−1
= c0 + k0 (31)
and utuation orretions σ0(p; τ0, u0, δ0, c0), i.e.,[
G(0,2)(p; τ0, u0, δ0, c0)
]−1
= c0 + k0 − σ0(p; τ0, u0, δ0, c0). (32)
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èñ. 2: Feynman diagrams for the orrelation funtion G(0,2) of the homogeneous system.
To alulate σ0(p; u0, δ0), the total propagator between two points on the surfae is
expressed in terms of the free energy Σ(p; τ0, u0) determining the utuation orretions
to the two-point vertex funtion Γ(2)τ as
G(0,2)(p; τ0, u0, δ0, c0) =s |G|s +s |GTG|s, (33)
T = Σ(1−GΣ)−1.
The marks s| and |s show that the left and right points of the propagator are loalized on
the surfae. The substitution of Eq. (32) into Eqs. (33) yields
σ0(p; τ0, u0, δ0, c0) =
g0Tg0
1 +s |G|sg0Tg0 = g0Σg0 + g0ΣGΣg0 −s |G|s(g0Σg0)
2 +O(Σ3), (34)
where
g0(p; z) = (c0 + k0)G(p; z, 0) = e
−k0z, k0 =
√
τ0 + p2. (35)
The Feynman diagrams for G(0,2) without impurity verties in the two-loop approximation
are presented in Fig. 2 and their analytial expression has the form
[
G(0,2)(p; τ0, 0, 0, c0)
]−1
= c0 + k0 −
4∑
i=1
Ci(p)− C
2
1 (p)
c0 + k0
. (36)
In this expression, Ci(p) is the ontribution from the diagram Bi presented in Fig. 2. In
this gure, the line marked by D means the propagator
GD(~p, z, z
′) =
1
k0
[
e−k0|z−z
′| − e−k0(z+z′)
]
, k0 =
√
1 + ~p2. (37)
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The surfae vertex funtion is represented in the form c0 = c + δc, where . is the
shift ontaining ultraviolet divergenes appearing in analysis of surfae quantities similar
to the free energy for bulk quantities. The substitution of Eq. (32) into (33) yields
Z1Z
[
k0 + c + δc− σ(p)
]∣∣∣
p=0
=
√
τ + c. (38)
From this relation,
δc =
{
[Z1Z]
−1 − 1
}
(
√
τ + c) + σ(0). (39)
Correspondingly, the orrelation funtion has the form
G(0,2) =
[
k0 − (
√
τ + [Z1Z]
−1(
√
τ + c)− (σ(p, c+ δc)− σ(0, c+ δc))
]−1
. (40)
This expression provides a sheme for alulating the value of eah diagram at p = 0.
This statement is also valid for subdiagrams.
For the speial phase transition, setting c = 0 in Eq. (39) and expanding δc in the
powers of the eetive harges, one an obtain the rst-order orretion
δc(1) =
{
[Z1Z]
−1
}(1)√
τ + σ(0). (41)
The orretion obtained is used to determine the rst expansion terms for σ(p, c+ δc):
σ(p, c+ δc)
∣∣∣
c=0
= σ(p, 0) +
∂σ(p, c)
∂c
∣∣∣
c=0
δσ(1). (42)
The CallanSymanzik dierential equation of the renormalization group in the ritial
region has the form [11℄:
[
b
∂
∂b
+ β1
∂
∂v1
+ β2
∂
∂v2
+
N +M
2
η +
M
2
ηsp1 − (1 + ηspc )c˜
∂
∂c˜
]
G(N,M)ren,sp = 0, (43)
where
c˜ =
c√
τ
, η1 =
(
βu
∂
∂u
+ βδ
∂
∂δ
)
lnZ1, η|| =
(
βu
∂
∂u
+ βδ
∂
∂δ
)
lnZ||. (44)
The expression for η
(spec)
|| = η
(spec) + η
(spec)
1 for disordered system has the form
η
(spec)
|| = −12B0v1 + 12B0v2 + 288(B1 +B2 +
2
3
B3 − 3
2
B0 +B0B˜0 − 1
2
B
2
0)v
2
1
+288(B1 +B2 +
2
3
B3 − 2
3
B0 +B0B˜0 − 1
2
B
2
0)v
2
2 (45)
−576(B1 +B2 + 2
3
B3 +B0B˜0 − 1
2
B
2
0)v1v2.
Here, as well as in the desription of ritial phenomena, v1 and v2 are the eetive harges
and
B0 =
1
J0
∂
∂p2
B0
∣∣∣
p2=0
, Bi =
1
J20
∂
∂p2
Bi
∣∣∣
p2=0
, (46)
B˜0 =
1
J0
∂2
∂p2∂c0
B0
∣∣∣
c0=0,p=0
, (i = 1, 2, 3).
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The integrals are equal to
B0 = 0.5, B1 +B2 = 0.323414, B3 = 0.817579, B˜0 = −0.316936. (47)
The summation of the asymptoti expressions by the BorelLeroy method and the
substitution of the eetive-harge values at the xed points of the renormalization
group transformation provide the surfae ritial exponents η
(spec)
|| = −0.239± 0.008 and
η
(spec)
||imp = −0.279±0.009 for homogeneous systems and impurity systems, respetively. For
omparison, the orresponding ritial exponents disregarding the eet of the free surfae
on the bulk ritial behavior are η
(spec)
|| = −0.189± 0.001 and η(spec)||imp = −0.234± 0.005 for
homogeneous systems and impurity systems, respetively.
The other ritial exponents an be found from the saling relations [11℄:
η⊥ = 0.5(η + η||), β1 = 0.5ν(D − 2 + η||), γ11 = ν(1− η||), (48)
γ1 = ν(2− η⊥), δ1 = D + 2− η
D − 2 + η|| , δ11 =
D − η||
D − 2 + η|| .
For homogeneous systems, the ritial exponents are
ηspec⊥ = −0.09± 0.01, βspec1 = 0.249± 0.009, γspec11 = 0.81± 0.03, (49)
γspec1 = 1.37± 0.05, δspec1 = 6.5± 0.8, δspec11 = 4.3± 0.1.
For impurity systems, the surfae ritial exponents aquire the values
ηspec⊥imp = −0.105± 0.007, βspec1imp = 0.241± 0.007, γspec11imp = 0.86± 0.02, (50)
γspec1imp = 1.41± 0.04, δspec1imp = 6.8± 0.4, δspec11imp = 4.5± 0.1.
5 ORDINARY PHASE TRANSITION
The ordinary phase transition requires onsideration of the properties of the system in
the limit c˜ = c/
√
τ → ∞. However, it is very diult to examine the funtion G(N,M)
in this limit. As shown in [23, 24, 25, 26℄, renormalization group analysis is signiantly
simplied for the funtion
Ĝ(N,M)(x, r) =
〈 N∏
i=1
S(~xi)
M∏
j=1
∂nS(~rj , 0)
〉
, (51)
where ∂n is the normal derivative to the boundary plane.
Let us denote the orrelation funtion as Ĝ(N,M)∞ = limc˜→∞ Ĝ
(N,M)
, utuation-orretion
funtion σ(D)(p; τ, u0, δ0) = σ(p; τ, uo, δ0,∞), and the free propagator
GD = lim
c˜→∞
G0 =
1
2k0
[
e−k0|z−z
′| − e−k0(z+z′)
]
. (52)
14
Similar to the ase of the speial phase transition,
Ĝ(0,2)∞ (p; τ0, u0, δ0) = −k + σ(D)(p; τ, u, δ), (53)
Here, σ(D)(p; τ, u0, δ0) = gT (GD)g, where T (G) is dened in Eqs. (33), and
g(p; z′) = e−kz
′
=
∂
∂z
GD(p; z, z
′)
∣∣∣
z=0
. (54)
The surfae renormalizing fator Z1,∞(u, δ), whih desribes the renormalization group
transformation of the derivative of utuations of the order parameter with respet to the
normal to the free surfae, is introdued as
(∂nS)ren = [Z1,∞Z]
−1/2∂nS. (55)
In this ase, the renormalization of the orrelation funtion has the form
Ĝ(N,M)∞,ren ({~p}; {zj}; τ, u, δ) = Z−(N+M)/2Z−M/21,∞
[
Ĝ(N,M)∞ ({~p}; {zj})− δM,2N,0 Ĝ(0,2)∞ (0)
]
. (56)
The normalization onditions are represented as
Ĝ(0,2)∞,ren(0; τ, u, δ) = 0,
∂
∂p2
Ĝ(0,2)∞,ren(p; τ, u, δ)
∣∣∣
p2=0
= − 1
2
√
τ
. (57)
The surfae renormalization fator Z1,∞(u, δ) is determined from the relation
Z1,∞(u, δ)Z(u, δ) = − lim
p→0
√
τ
p
∂
∂p
[
Ĝ(0,2)(p)− Ĝ(0,2)(0)
]
. (58)
The saling funtion is introdued as
η1,∞ = β1
∂ lnZ1,∞
∂v1
+ β2
∂ lnZ1,∞
∂v2
. (59)
The surfae ritial exponent ηord|| for the orrelation funtion parallel to the free surfae
is determined from the relation [25℄
ηord|| = 2 + η1,∞(v
∗
1, v
∗
2) + η(v
∗
1, v
∗
2), (60)
where (v∗1, v
∗
2) is the xed point of the renormalization group transformation.
In the two-loop approximation, the saling funtion has the form:
η1,∞ = 2− 12B0v1 − 12B0v2 − 288(B1 +B2 + 2
3
B3 +
3
2
B0 − 1
2
B
2
0)v
2
1
−288(B1 +B2 + 2
3
B3 +
2
3
B0 − 1
2
B
2
0)v
2
2 (61)
−576(B1 +B2 + 2
3
B3 − 1
2
B
2
0)v1v2,
B
ord
0 = 0.410227 B
ord
1 +B
ord
2 = 0 B
ord
3 = −0.630378.
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The substitution of the eetive harges at the xed point yields the ritial exponents
ηord|| = 1.51±0.04 and ηord||imp = 1.64±0.06 for homogeneous systems and impurity systems,
respetively. The other surfae ritial exponents have the values
ηord⊥ = 0.77± 0.02, βord1 = 0.79± 0.02, γord11 = −0.32± 0.01, (62)
γord1 = 0.78± 0.03, δord1 = 1.98± 0.06, δord11 = 0.60± 0.02,
ηord⊥imp = 0.84± 0.03, βord1imp = 0.91± 0.04, γord11imp = −0.44± 0.04, (63)
γord1imp = 0.80± 0.03, δord1imp = 1.88± 0.05, δord11imp = 0.51± 0.03.
6 CONCLUSIONS
The alulations reported above reveal the eet of the free boundary on the bulk ritial
behavior of homogeneous systems and disordered systems. The ritial exponents νord =
0.635 ± 0.007 and ηord = 0.029 ± 0.003 obtained for the ordinary phase transition in
homogeneous systems oinide within the errors with the respetive ritial exponents
ν = 0.632 ± 0.004 and η = 0.030 ± 0.002 obtained disregarding the boundary eets.
Therefore, the presene of the free plane boundary an be disregarded when desribing
bulk ritial phenomena near the point of the ordinary phase transition.
In agreement with expetations, in the speial phase transition in homogeneous systems,
the eet of the free boundary leads to a more notieable dierene of the bulk ritial
exponents νspec = 0.654 ± 0.006 and ηspec = 0.068 ± 0.008 from the respetive ritial
exponents for the unbounded systems. However, the dierene between indies begins
with the seond plae after the deimal point, whih is within the errors of experimental
methods and annot be deteted experimentally.
A similar pattern is observed for disordered systems. The bulk ritial exponents of the
system with the free boundary oinide with the ritial exponents of unbounded systems
in the ordinary phase transition (νordimp = 0.684 ± 0.002 and ηordimp = 0.033 ± 0.002 for the
ordinary transition f. νimp = 0.685 ± 0.003 and ηimp = 0.035 ± 0.001 for the transition
in the unbounded system). For the speial phase transition (νspecimp = 0.669 ± 0.003 and
ηspecimp = 0.069 ± 0.004), the dierene in the values of the ritial exponents is more
notieable; however, it is also within the experimental errors similar to homogeneous
systems.
As mentioned above, the dierene between the bulk ritial exponents is small so
that it an hardly be determined experimentally. For this reason, the eet of the free
boundary an be disregarded when alulating the bulk ritial exponents. However, the
eet of the position of the xed points on the surfae ritial exponents is muh stronger
and it is neessary to take into aount the shifts of these points.
Table 1 presents the surfae ritial exponents obtained in this work, as well as the
surfae ritial exponents obtained by disregarding the shifts of the xed points in [11℄
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Òàáëèöà 1: Surfae ritial exponents for the speial transition in homogeneous systems
β1 γ1
0.249± 0.09 1.37± 0.05 This work
0.257± 0.006 1.29± 0.07 Diehl & Shpot[11℄
0.18(2) 1.41(14) Landau& Binder [29℄
0.2375(15) 1.328(1) Ruge & Wagner [30℄
0.22 - Vandrusolo è äð.[31℄
and the Monte Carlo omputer simulation results for the speial phase transition. As
seen in the table, the results obtained in this work by taking into aount that the xed
points of the renormalization group transformation are shifted due to the eet of the free
boundary dier from similar results obtained under the assumption that the boundedness
of the system does not aet the bulk ritial phenomena. However, the ranges of the
ritial exponent values strongly overlap if the errors are taken into aount. Comparison
with the Monte Carlo omputer simulation shows that the exponent β1 obtained in this
work is in better agreement with the omputer experiment. The exponent γ1 is in good
agreement with the omputer simulation results both with and without the eet of the
boundary on the bulk ritial phenomena.
Comparison shows that the surfae ritial exponents of the speial phase transition
for homogeneous and disordered systems almost oinide. Dierenes that are observed
are likely due to a low order of perturbation theory and will derease with inreasing the
number of terms retaining in the expansions of β- and γ-funtions. Therefore, the eet
of point frozen defets of the struture on surfae ritial phenomena in the speial phase
transition is weak and an hardly be deteted experimentally.
Table 2 presents the surfae ritial exponents obtained in this work, as well as the
surfae ritial exponents obtained disregarding the shift of the xed points in [11℄ and the
Monte Carlo omputer simulation results for the ordinary phase transition. Aording to
the tables, the results obtained in this work by taking into aount that the xed points of
the renormalization group transformation are shifted due to the eet of the free boundary
are in good agreement with all results of the Monte Carlo omputer simulation. It is worth
noting that the ritial exponents of the ordinary surfae transition disregarding the free-
surfae-indued shift of the xed points are inonsistent only with the results reported in
[29℄. Similar to the speial phase transition, the eet of the free surfae on the position
of the xed points annot likely be deteted experimentally. However, in ontrast to the
speial transition, the eet of impurities in the ordinary phase transition is stronger and
an likely be revealed in experiment.
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Òàáëèöà 2: Surfae ritial exponents for the ordinary transition in homogeneous systems
β1 γ1
0.79± 0.02 0.78± 0.03 This work
0.85± 0.05 0.74± 0.02 Diehl & Shpot[11℄
0.78(2) 0.78(6) Landau& Binder [29℄
0.807(4) 0.760(4) Ruge & Wagner [30℄
0.79(2) - Kikuhi & Okabe[32℄
0.80± 0.01 0.78± 0.05 Pleimling & Selke[33℄
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